SOME COMPANIONS OF GRUSS INEQUALITY IN INNER 

PRODUCT SPACES 



S.S. DRAGOMIR 



Abstract. Some companions of Griiss inequality in inner product spaces and 
applications for integrals are given. 



1. Introduction 



The following inequality of Griiss type in real or complex linear spaces is known 
(see pO). 

Theorem 1. Let (H; (•,•)) be an inner product space overK (K = C, K) ande^H, 
||e|| = 1. If 4>, 7,$, r are real or complex numbers and x,y are vectors in H such 
that the condition 

(1.1) Re ($e - x, x - cj>e) > and Re (Te - y,y ~ je) > 

or, equivalently (see ^\), 



(1.2) 



3> 



< i|$ 

- 2 1 



7 + r 
y — 7T~ e 



<i|r-7l 



holds, then we have the inequality 
(1.3) 



\(x,y)-(x,e) (e,y)\ < - |$ - <j>\ \T - 7 | . 

T7ie constant \ is best possible in the sense that it cannot be replaced by a smaller 
constant. 

The following particular instances for integrals and means are useful in applica- 
tions. 

Corollary 1. Let f,g : [a,b] — ► K (K = C,K) be Lebesgue measurable and such 
that there exists the constants <f>, 7, T £ K with the property 



(1.4) Re [($-/(*))(/ (a:) -0) 
/or a.e. a; £ [a, 6] , or, equivalently 



> 0, Re 



(1.5) 



/(*) 



< - |$ - <t>\ and 



(r-.g(.x))(.o(x)-7) 

7 + r 



> 



<5ir-7l 



for a.e. x £ [a, b] . 
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Then we have the inequality 



(1.6) 



1 



/ (x) g (x)dx 



f (x) dx ■ 



g (x)dx 



<\\*-4>\\T->y\ 



The constant j is best possible. 

The discrete case is incorporated in 
Corollary 2. Let x, y € K™ and cj>, 7, $, V € K be such that 
(1.7) Re[(4-aj<)(3*-0)] >0 and Re [(r - Vi ) (Ti~ 7")] > 0, 

/or eac/i t 6 {1, . . . , n} , or, equivalently, 



(1.8) 



< - |$ - 0| and 



7 + r 



7l, 



/or eac/i i € {1, . . . , n} . 

Then we have the inequality 



(1.9) 



^ n 1 n 1 n 

- — y^xi- -Vw 

n * — ■» T7 * — * n * — » 



? = 1 



- 4 1 



|r-7l 



The constant j is best possible in fl.ty) . 



For some recent results related to Griiss type inequalities in inner product spaces, 
see More applications of Theorem ^ for integral and discrete inequalities may 
be found in 

It is the main aim of this paper to provide other inequalities of Griiss type in 
the general seting of inner product spaces over the real or complex number field K. 
Applications for Lebsegue integrals are pointed out as well. 

2. A Gruss Type Inequality 

The following Griiss type inequality in inner product spaces holds. 

Theorem 2. Let x, y, e € H with ||e|| = 1, and the scalars a, A, b, B £ K (K = C, R) 
such that Re (a A) > and Re (bB) > 0. If 

(2.1) Re(Ae - x,x - ae) > and Re (Be - y, y - be) > 

or, equivalently (see 

a + A 



(2.2) 



x 



< — \A — a\ and 
2 1 



b + B 



<- 2 \B-b\ 



then we have the inequality 
(2.3) 

where M (•, •) is defined by 



\{x,y) - (x,e) (e,y)\ < -M (a, A) M (6, B) \{x, e) (e, y) \ , 



(2.4) 



M(a,A) := 



(|A| - \a\) 2 + A[\Ad\-Re(Aa)} 
Re (aA) 
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The constant \ is best possible in the sense that it cannot be replaced by a smaller 



constant. 



Proof. Apply Schwartz's inequality in (H; (•, •)) for the vectors x — (x,e)e and 
V ~ (y, e) e, to get (see also P) 

(2.5) \{x,y) - (x,e) (e,y)\ 2 < (\\xf \(x,e)\ 2 ) (\\y\\ 2 \(y,e)\ 2 ) . 

Now, assume that u,v € H, and c, C £ K with Re (cC) > and Re (Cv — u,u — cv) > 
0. This last inequality is equivalent to 



(2.6) ||u|r + Re (cC) \\v\f < Re C(u,v) + c(u,v 

Dividing this inequality by [Re (Cc)j 2 > 0, we deduce 
1 



-H 2 + [Re(cC)nM| 2 < 



Re 



C(u, v) + c (u, v) 



(2-7) 

[Re(cC)] 5 [Re(cC)] ; 

On the other hand, by the elementary inequality 

, 1 



we deduce 
(2.8) 



ap~ + — q > 2pq, a > 0, p, q > 0, 
a 



2 Nil Hvll < -\\u\\ 2 + [Re(cC)]i \\v\\ 2 . 



[Re(cC)] ! 

Making use of (|2.7|l and (|2.8|l and the fact that for any z S C, Re (z) < \z\ , we get 
Re 



MINI< 



C{u, v) + c (u, v) 



2[Re(cC)] 2 



2[Re(cC)] 2 



Consequently 

(2.9) |M| 2 |M| 2 -|M| 2 < 



(\c\ + \C\f 



1 



i<«,«>r 



4 [Re (cC)] 

l (| C |-|C|) 2 +4[| c -q-Re(cC)] 
4 Re (cC) 

iM 2 (c,C)|( U , W )| 2 . 



Now, if we write (j2.9(l for the choices u = x, v = e and u = y, v — e respectively 
and use (|2.5II . we deduce the desired result (|2.2|) . The sharpness of the constant 
will be proved in the case where H is a real inner product space. | 

The following corollary which provides a simpler Griiss type inequality for real 
constants (and in particular, for real inner product spaces) holds. 

Corollary 3. With the assumptions of Theorem^ and if a, 6, A, B £ K are such 
that A> a> 0, B > b > and 



(2.10) 



a + A 
x — e 



< — (A — a) and 



b + B 

y — 7T~ e 



<\{B-b). 
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then we have the inequality 

(2.11) \(x,y) - (x,e) (e,y)\<\- ( ^ ~ ~ *° \{x,e) (e,y}\ . 

4 VabAB 

The constant \ is best possible. 

Proof. The prove the sharpness of the constant i assume that the inequality (|2.11|) 
holds in real inner product spaces with x — y and for a constant k > 0, i.e., 

(2.12) 



INI 2 - \(x,e)\ 2 <k- {A f> \{x, e)| 2 (A > a > 0) , 



aA 



provided lla; — ^r^ell < i (A — a) , or equivalently, (Ae — x, x — ae) > 0. 



We choose H = R 2 , x = (xi,x 2 ) € 



Then we have 

2 



\\x\\ 2 -\(x,e)\ 2 = x{+x 2 



2,2 ( X ~i+ X %) _ i X l ~ X 2) 



and by (|2.12() we get 
(2.13) 



(x! - x 2 ) 2 < (A - a) 2 (xi + x 2 ) 2 
2 ~ ' aA 2 



Now, if we let xi = -j=, x 2 = (^4 > a > 0) , then obviously 



(Ae — x,x — ae) = 



.4 



^VV2 



Xt ) \ x 



o. 



which shows that the condition l|2.10|l is fulfilled, and by H2.13fl we get 

[A-af <k (A-a) 2 (a + A) 2 



for any A > a > 0. This implies 
(2.14) 



aA 



(A + a) k> aA 



for any A > a > 0. 

Finally, let a = 1 - q, A = 1 + q, q G (0,1). Then from !j!THJl we get 4k > 1 - q 2 
for any g £ (0, 1) which produces k > i. | 

Remark 1. // (a;, e) , (y, e) are assumed not to be zero, then the inequality is 
equivalent to 

(x,y) 



(2.15) 



(x,e) (e,y) 

while the inequality }2.11\) is equivalent to 



< -M (a, A) M (6, B) , 



(2.16) 



{x,y) 



(x,e) (e,y) 



< 



1 (A — a){B — b) 



VabAB 



The constant \ is best possible in both inequalities. 
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3. Some Related Results 

The following result holds. 

Theorem 3. Let (JJ; (•, •)) be an inner product space over K (K = C, K) . J/7, T e 
K, e, x, y G JJ with \\e\\ = 1 and A 6 (0, 1) are smcA i/iai 

(3.1) Re (re - (Ax + (1 - A) y) , (Ax + (1 - A) y) - ye) > 0, 

or, equivalently, 



(3.2) 

then we have the inequality 



7 + r 

\x + (l-X)y — e 



(3.3) 



Re [{x, y) - (x, e) (e, y)] < — 



<\\r-i\, 



' |r-7l 2 . 



16 A(l-A) 

The constant is the best possible constant in in the sense that it cannot be 

replaced by a smaller one. 

Proof. We know that for any z, u S JJ one has 

1 2 

Re (z, u) < — \\z + u\\ . 

Then for any a, b G JJ and A € (0, 1) one has 

1 



4A(1-A) 



||Ao + (l-A)6||' 



(3.4) Re (a, b) < 
Since 

(x, y) - (x, e) (e, y) = (x - (x, e)e,y-~ (y, e) e) (as ||e|| = 1), 
using 13. 4f) . we have 

(3.5) Re [(a:, y) - {x, e) (e, y)] 

= Re [(a; - (a;, e)e,y- (y, e) e)] 

" 4A(1 1 - A) l|A (X ~ (2; ' 6> e) + (1 " A) {V ~ {y ' e) 6)1,2 
= 4A(1 X _ A) II Ax + (1 - A) y - (Xx + (1 - A) y, e) e|| 2 . 

Since, for m,e £ JJ with ||e|| = 1, one has the equality 
(3.6) 

then by (E3 

we deduce the inequality 
(3.7) Re[(x,y)-(x,e)(e,y)} 



m — (m, e) e|| 2 = ||m|| 2 — |(m, e)\ . 



< 



1 



4A (1 - A) 
Now, if we apply Griiss' inequality 



||Ax+(l-A)y|| 2 -|(Ax + (l-A)y,e) 



provided 



0<||a|| 2 -|<a,e)| 2 <i|r-7| 2 



Re (re — a, a — ye) > 0, 
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for a = Ax + (1 — A) y, we have 

(3.8) || Ai + (1 - A) y\\ 2 - \{Xx + (1 - A) y, e)| 2 < ~ \T - y\ 2 . 

Utilising (|3.7|) and (|3.8|1 we deduce the desired inequality (|3.3|) . To prove the sharp- 
ness of the constant j^, assume that (I3.3|) holds with a constant C > 0, provided 
(|3.1(l is valid, i.e., 

(3.9) Re [(x, y) - (x, e) (e, y)]<C- - \T - y\ 2 • 

If in l|3.9|l we choose x — y, provided (|3.1|) holds with x = y and A S (0, 1) , then 

(3-10) || a; ||2_| (Xje) |2< C ._i_| r _ 7 |2 ; 

provided 

Re (re — x, x — ye) > 0. 

Since we know, in Grass' inequality, the constant \ is best possible, then by l|3.10|l . 
one has 

I^Mi^A) f ° r Ae( °' 1} ' 

giving, for A = \, C > i. 

The theorem is completely proved. | 

The following corollary is a natural consequence of the above result. 
Corollary 4. Assume that y,T,e,x,y and A are as in Theorem\^ If 
(3.11) Re (re - (A:r ± (1 - A) y) , (Ax ± (1 - A) y) - ye) > 0, 

or, equivalently, 



i + r 

\x±(l-\)y- +-j—e 



<i|r-7l 2 - 



(3.12) 

then we have the inequality 

(3.13) |Re [(x, y) - (x, e) (e, y)}\ < 1 • A( /_ A) |r - yf ■ 

The constant i is best possible in \ti.l!J\) . 

Proof. Using Theorem for {—y) instead of y, we have that 

Re (re - (Ax - (1 - X)y) , (Ax - (1 - A) y) - ye) > 0, 
which implies that 

Re [- (x, y) + (x, e) (e, y)] < i • J^yj |r - yf 

giving 

(3.14) Re [(x, y) - (x, e) (e, y)] > ~ ■ —±- \T - y\ 2 . 
Consequently, by (|3.3() and (|3.14|l we deduce the desired inequality l|3.13|) . 
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Remark 2. // M, m € M with M > m and, for A e (0, 1) , 



(3.15) 
then 



, M + m 
\x+{l-\)y e 



(x,y) - (x,e) (e,y) < — 



16 A(l-A) 
If {MB holds with "± " instead of "+ " , then 

(3.16) | (x, y) - (x, e) ( e , y)| < i • -1- 



< i (M - m) 



(M - to) 2 



(M - to) 2 



Remark 3. // A = § 

(3.17) 

or, equivalently 
(3.18) 
implies 
(3.19) 



fOp or El), tfie 



obtain the result from [2] , «■ e. 



Re / re -^,^- 7e )>0 



a; + y 7 + r 



<2ir-7l 



Re[<a: J y)-(a:,e) (e,y)} < ~ \T ~ 7 | 2 . 



TTie constant \ is best possible in \3.19d . 

For A = i , Corollary ^ and Remark will produce the corresponding results 
obtained in |2|. We omit the details. 

4. Integral Inequalities 

Let (J7, S, /i) be a measure space consisting of a set a o - — algebra of parts £ 
and a countably additive and positive measure fi on E with values in RU{oo}. 
Denote by L 2 (ft,K) the Hilbert space of all real or complex valued functions / 
defined on Q and 2— integrable on Q, i.e., 

\f(s)\ 2 dn(s) <oo. 

The following proposition holds 

Proposition 1. If f, g, h e L 2 (f2,K) and ip, $,7, T € IK, are so i/iai Re ($7^) > 
0, Re (Py) > 0, J n |ft (s)| 2 a> (s) = 1 and 



(4.1) 

or, equivalently 
(4.2) 



Re 
Re 



£2 



(*) - / («)) (/ (s) - ^ («))] d/j (*) > 
(r/i (s) - 5 (a)) (^) - 7/^)) ] «V (*) > 



/(«) ^ M*, 



0OO - — tr- h ( s ) 



d»(s)\ <-|4-p| 



dn(s)\ <-|r- 7 | 
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then we have the following Griiss type integral inequality 
(4.3) 



f(s)g(s)dfi(s)- / f(s)h(s)dn(s) / h(s)g(s)dfi(s) 



1 



< -M(^$)M( 7 ,r) 



/ (s) h (s)dn (s) / h (s) g (s)dfi (s) 



where 



M (tp, $) 



(|$|-M) 2 + 4[|<i>^|-Re(<i^)] 



Re (<$>lp) 
The constant \ is best possible. 

The proof follows by Theorem [21 on choosing H = L 2 (fl,K) with the inner 
product 

(/,£> := / f(s)gjs)dfi(s). 
Jn 

We omit the details. 

Remark 4. It is obvious that a sufficient condition for t \4-lj t° hold is 



and 



Re 



Re 



(a) -/(«)) 



>0, 



> 0, 



/or fi—a.e. s €E 51, or equivalently, 

f( s ) — M s ) 



< - |$ - ip\ \h (s)\ and 

<^|r-7llM*)l, 



for [i—a.e. s 6 f2. 

The following result may be stated as well. 
Corollary 5. If z, Z, t, T € K, /Lt (fi) < oo and /, g 6 L 2 (n, K) are such that: 
(4.4) 



Re 
Re 



-/(«)) (/(«)-* 
(T- 5 (*))(^)-t) 



>o, 

> for a.e. s € fi 



or, equivalently 
(4.5) 



/(«) 



i/ien we /laue t/ie inequality 
1 



2 

f + T 



< 2 l^-^l' 

< - |T-i| /or a.e. s G CI; 



(4.6) 



/ (s) g (s)dfi (s) 



1 



< ^M(z,Z)M(t,T) 



M (fi) 
1 



M(«) 



/ ( s ) (s) • 
/ (s) dfi (s) 



1 



1 



g(s)dfi (s) 



g(s)dfj,(s) 
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Remark 5. The case of real functions incorporates the following interesting in- 
equality 



(4.7) 



VL(n)J n f(8)g{8)dVL(8) 



- 1 



< 1 (Z-z)(T-t) 
~ 4 



y/ztZT 



In f 0) dfi (s) J n g (s) d^i (s) 
provided /i (f2) < oo, 

z < f (s) < Z, t < g (s) < T 

for fi — a.e. s £ f2, where z, t, Z, T are real numbers and the integrals at the denom- 
inator are not zero. Here the constant \ is best possible in the sense mentioned 
above. 

Using Theorem 01 we may state the following result as well. 

Proposition 2. If f, g,h £ L 2 (Q, K) and 7, V £ K are such that J Q \h (s)| 2 d[i (s) 
1 and 



(4.8) 



X 





{Re[Th(s)-(Xf(s) + (l-X)g(s))} 
'xj{s) + (1 - A) gjsj - fh (a)] } d[i (s) 



or, equivalently 
(4.9) 

then we have the inequality 



\f(s) + (l-\)g(s)-2±^h(s) 



d^(s)\ <-|r- 7 | 



(4.10) 



I := Rc 
In 



< 



f(s)g(s) dfi(s) 



Re 



f(s)h(s)dfi(s)- / h(s)g(s)dfx(s) 



' |r-7l 2 . 



16 A(l-A) 

The constant is best possible. 

V \4--<ty an d 14-yj ) hold with " ± " instead of " + " (see Corollary^, then 



(4.11) 



\I\< 



' |r-7l 2 . 



16 A(l-A) 

Remark 6. It is obvious that a sufficient condition for j4-8)) to hold is 
(4-12) ' 

Re { [Th (s) - (A/ (a) + (1 - A) g (a))] ■ [xf (s) + (1 - A) g (s) - jh (a)] } > 
for a.e. s £ fi, or equivalently 



(4.13) 
for a.e. s £ Q. 



Xf(s) + (l-X)g(s)-l±^h( S ) 



<^\r-l\\h(s)\ 



Finally, the following corollary holds. 
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Corollary 6. If Z,z 6 K. /i (fi) < oo and /, g E L 2 (f2, K) are swc/i i/ia£ 
(4.14) Rc [(Z - (A/ (s) + (1 - A) .9 («))) (a/M + (1 - A) ^) - z) 
/or a.e. s €E f2, or, equivalently 



> 



(4.15) 



A/ (*) + (! -A) 



z + Z 



<- 2 \Z-z\ 



for a.e. s € iften we /iai>e i/ie inequality 
1 



J := 



< 



M (Q) 



Rc 



/(s)ff (s)J d/i(s) 
1 



Re 

\Z-z 



M (0) 

2 



/ («) ^A 1 (s) 



M (n) 



g(s)dfi(s) 



16 A(l-A) 

J/ RTIfl ) and UlSj) fto/d wii/i " ± " insiead o/ " + ", fften 



(4.16) 



Ul < 



1 



1 



A 2 



16 A(l-A) 1 

Remark 7. is obvious that if one chooses the discrete measure above, then all the 
inequalities in this section may be written for sequences of real or complex numbers. 
We omit the details. 
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